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Laminar Mixed Convection in a Vertical Tube with a
Longitudinal Rectangle Insert

Jun-Dar Chen* and Shou-Shing Hsieht
National Sun Yat-Sen University, Kaohsiung, Taiwan 80424, Republic of China

The steady, fully developed laminar mixed convection in an axially uniformly heated vertical tube with an
adiabatic rectangular insert is numerically studied systematically. Some cross-sectional flow and temperature
patterns are provided for both upflow and downflow. Effects of heat-flux-to-mass-flow ratio, aspect ratio of
insert, and the type of installation on the heat transfer and fluid friction characteristics and their net effect are
determined. The buoyancy effect tends to make flow and temperature uniformly distributed in the cross section
and to increase both friction factor and Nusselt number in the upflow; the opposite buoyancy effect occurs in
the downflow.

Nomenclature
Af = dimensionless flow area of the passage
Dh = dimensionless hydraulic diameter, dh/R0
dh = hydraulic diameter, m
EH = horizontal eccentricity ratio, eh/R0(l — RR)
EV = vertical eccentricity ratio, eJR0(l - RR)
eh, ev = horizontal and vertical eccentricities, m
/ = friction factor, 2r/pw^
Gr = Grashof number, gPq?ndy(kv2)
g = gravitational acceleration, m/s2

H = dimensionless height of insert, hlR0
h = height of insert, m
k = thermal conductivity of fluid, W/m2 - K
L = dimensionless width of insert, dR0
N — dimensionless normal direction
Nu = Nusselt number of heated tube
P = dimensionless cross-sectionally mean pressure
PL = normalized peripheral position along insert,

£ £min'£max Smin
P0 = dimensionless perimeter of outer tube
Qp — dimensionless overall heat transfer rate per

unit pumping power
q"n = prescribed averaged heat flux on outer tube,

W/m2

Re = Reynolds number, wmdhlv
RN = normalized radial distance
RR = radius ratio of circumscribed circle of insert to

outer tube, 0.5(L2 + H2)0-5

R0 = radius of outer tube, m
T = dimensionless temperature
t == temperature, K
W = dimensionless axial velocity
w = axial velocity, m/s
X,Y, Z = dimensionless coordinates in physical domain
x., y, z = coordinates in physical domain, m
)8 = coefficient of thermal expansion of fluid, K-1

6 = angular position, deg (Fig. 1)
i = width of insert, m
v = kinematic viscosity of fluid, m2/s

Received Aug. 23, 1990; revision received Jan. 22, 1991; accepted
for publication Jan. 25, 1991. Copyright © 1991 by the American
Institute of Aeronautics and Astronautics, Inc. All rights reserved.

* Graduate Student, Department of Mechanical Engineering.
tProfessor and Chairman, Department of Mechanical Engineering.

Member AIAA.

£, r] = dimensionless coordinates in transformed
domain

T = cross-sectionally averaged wall shear stress,
Mm2

Subscripts
b = bulk value
/ = pure forced convection
m - mean value
max = maximum value
min = minimum value
s = surface value at outer tube
sr = value refer to outer tube at a referende

location in the thermally developed region

Introduction

L AMINAR mixed convection in a vertical channel is im-
portant in many recent technological applications, e.g.,

solar collector systems, compact cooling of electronic equip-
ment, heat exchangers, and certain types of catalytic devices.
Generally, heat transfer in these devices is by turbulent con-
vection, but laminar convection and associated buoyancy ef-
fects are of considerable interest at low flow conditions or
during shutdown. It is well recognized that the heat transfer
of mixed convection can be significantly different from that
of both forced and free convections. The studies of mixed
convection in vertical ducts had recently been reviewed.1'2
For singly connected ducts, configurations of tube and channel
of two parallel plates were commonly considered. However,
for vertical doubly connected ducts, only the configurations
of concentric tube annuli had been presented in the open
literature. An experimental investigation of combined free
and forced convection in an internally heated concentric tube
annulus in inclined positions was reported by Bohne and Ob-
ermeier.3 The influence of inclination and flow direction as
determined for a large range of Reynolds and Rayleigh num-
bers. For mixed convection of water in vertical concentric
tube annuli, El-Genk and Rao4 provided general correlations
of hydrodynamically developed but thermally developing flow
at low Reynolds numbers for upflow and/or downflow and
natural flow, and performed both flow visualization and heat
transfer measurements to investigate buoyancy-induced in-
stability of developing laminar upflow and dowiiflow.5

To compute laminar mixed convection in a vertical duct,
most efforts used the boundary-layer theory formulation and/
or involved the fully developed assumption.6'11 Although good
agreements were reported between the theoretical predictions
and the experimental data at low heat-flux-to-mass-flow ratios
(GrIRe), at higher GrIRe values, theoretical predictions were
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consistently lower than experimental data because the vari-
ations of density and viscosity will induce hydrodynamic in-
stability, causing a disturbance that grows as it is convected
downstream and initiating transition from stable laminar flow
to tubulent flow.12 Sherwin13 estimated the minimum GrIRe
values required to initiate transition in vertical concentric tube
annuli using the fully developed flow approximation, and sug-
gested that the practical minimum GrIRe value should be twice
that of the prediction. Accounting for the hydrodynamic in-
stability, Yao and Rogers14 analyzed the mixed convection in
a vertical tube annulus with an outer-to-inner-radius ratio of
100, and showed that steady parallel mixed convection with
reversed flow regions is unlikely to be experimentally ob-
served except at extremely small Reynolds number. Rao and
El-Genk15 developed a prediction model to determine the
location of incipient instability. Results showed that neglect-
ing the radial momentum can underpredict the location of
incipient instability, but neglecting the axial momentum dif-
fusion only insignificantly affects that location. In contrast,
little is known about the mixed convection in vertical non-
circular annuli.

As one of the practically used displaceable heat transfer
augmentation devices, longitudinal rectangular inserts are found
inserted in the tubes of tubular heat exchangers to enhance
tubeside heat transfer. The physical configuration is depicted
in Fig. 1, which forms a typical example of noncircular an-
nulus. Fully developed laminar forced convection in such a
configuration had been numerically analyzed by the authors16-17

using the boundary-fitted coordinate system (BFCS) to tackle
the irregular configuration. This paper concerns the buoyancy
effect on the fully developed laminar forced convection for

constant axial
heat flux <&

A-A Section

A
z

A
i

both upflow and downflow in the same configuration. Rec-
tangular inserts of aspect ratios (width to height, LIH) of 1
(square) and 5 (thin plate) are considered. To place the em-
phasis on buoyancy effect, the inserts are chosen that have a
radius ratio of circumscribed circle of insert to outer tube of
0.5. In addition to the concentric installation, vertically and
horizontally eccentric installations of the insert are also taken
into account to determine their influences on the mixed con-
vection.

Theoretical Analysis
Consider the steady, fully developed laminar flow in an

axially uniformly heated vertical tube with a longitudinal rec-
tangular insert (Fig. 1). Fluid properties are assumed constant
except the density, of which variation with temperature is
treated via Boussinesq approximation. Since the tube is made
of metal for practical application, it is reasonable to assume
that the tube, in addition to being axially uniformly heated,
has a peripherally constant wall temperature, ts, rather than
a uniform heat flux.17 Due to axially uniform heating on the
outer tube, the z (axial) directional rising rate of fluid tem-
perature becomes constant and is equal to aq"inPJ(kwmR0Af).
For fully developed flow, the dimensionless axial momentum
and energy conservation equations are formulated as

d2W d2W _ dP GrJi
dX2 + dY2 dZ + Re Dl (1)

(2)

In the above equation, the jc, v coordinates are made dimen-
sionless by R0, the z coordinate by R0RelDh, the axial velocity
by wm, and the cross-sectionally mean pressure by pw2

m. The
temperature relative to the constant outer tube temperature
is nondimensionalized by q"inR0lk. The parameters apprearing
in the equations are the Reynolds number Re and the Grashof
number Gr. Because of the definition of dimensionless groups,
their ratio, GrIRe (heat-flux-to-mass-flow ratio), instead of
the conventional GrIRe2 (ratio of buoyant to viscous forces),
appears in the last term of the left hand side of Eq. (1).
Positive GrIRe stands for upflow and negative GrIRe for
downflow. The cross-sectionally mean pressure in Eq. (1) is
a modified one that is the thermodynamic cross-sectionally
mean pressure plus the quantity psrg(z — /30z2/2), with z
measured from a reference axial location in the thermally
developed region and psr the fluid density at that location.
The boundary conditions are expressed as

W = 0; T = 0

at insert

at outer tube

(3a)

(3b)

The axial gradient of cross-sectionally mean pressure, dPI
dZ, can be determined with the use of global mass conser-
vation

WdXdY = Af (4)

Fig. 1 Noncircular annular duct.

To tackle the irregular flow configuration (Fig. 1), Eqs. (1-
4) are first tranformed to the BFCS, discretized by the finite
volume discretization method, and calculated by a line-by-
line iterative procedure with the SLOR method. The over-
relaxation factor for each variable is chosen as 1.7 in the
present study. A nonorthogonal 73 x 36 grid, with nodes
equi-spaced along and grid line more closely packed near both
walls, is numerically generated by the elliptic generation
method18 for computation. The dP/dZ term is calculated nu-
merically by the method of Patankar and Spalding.19 In each
run, the iteration procedure is terminated when |(0" + 1 -
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</>")/<£" + 1| < 10~5 for <£ = Wand Tat each node. The friction
factor-Reynolds number product fRe is expressed in terms of
dimensionless variables as

dP
"dZ (5)

and the local and peripherally averaged Nusselt numbers are
expressed in dimensionless form as17

Nu =
ar
dN ,Dh/Tb-9 Num = ~DJTb (6)

Results and Discussion
As mentioned above, the emphasis of this work is on the

buoyancy effect on the fully developed laminar forced con-
vection. To avoid the possible occurrences of flow reversal
and transition that cannot be properly treated by the present
mathematic model5'14'15 and to assure the accuracy of results,
numerical solutions are obtained for low GrIRe values ranging
from -100 to 100. As typical representations, results of square
and thin-plate inserts of concentric installation and horizon-
tally and vertically eccentric installations with eccentricity ra-
tio of 0.5 are presented. To check the accuracy of the com-
puted results, computations were first carried out for fully
developed laminar mixed convection in a vertical tube annulus
of asymmetric wall temperatures with the outer tube having
a high temperature, corresponding to the case of Kuo and
Lin,6 for inner-to-outer-radius ratio of 0.5. Figure 2 presents
the calculated axial gradients of pressure for various GrIRe
values. These results are found to be in excellent agreement
with those provided by analytical solutions.6 Furthermore, the
calculated axial velocity profiles for cases of GrIRe = -100
and 100 are shown in Fig. 3, which agrees well with the an-
alytical ones.6 Computations were also performed for fully
developed laminar mixed convection in a vertical tube annulus
with axially uniform heating at outer tube and insulating at
inner tube. The calculated Nu/Nuf values of the heated tube

o Kuo and Lin (61

—— Present Study

dP/dZ

100

50

0

-50

-100

-150
-100 -50 0 50 100

Gr/Re

Fig. 2 Axial gradient of cross-sectionally mean pressure of a con-
centric tube annulus.

o Kuo and Lin 161
— Gr/Re=100

1 -

0.5 0.75
RN

Fig. 3 Radial distribution of axial velocity of a concentric tube an-
nulus.

Table 1 Buoyancy effect on the Nusselt numbers of a concentric
tube annulus

GrIRe
Nu/Nuf

Present study
Kirn7-8

1750
1.485
1.485

350
1.119
1.118

3.5
1.001
1.002

0
1.0
1.0

-3.5
0.999
0.998

-350
0.869
0.870

are compared with those provided analytically by Kim7'8 in
Table 1 with an inner-to-outer-radius ratio of 0.4. It is found
that the present study reproduces well the analytical solutions.
Although no results of laminar mixed convection in eccentric
tube annuli or concentric and/or eccentric noncircular annuli
are available in the literature, calculations were carried out
for laminar forced convection (a special case of mixed con-
vection of GrIRe = 0) instead in eccentric tube annuli and in
noncircular annuli of tubes with concentric inner square cores.
The comparisons showed that the results have an accuracy of
the order of 1%.17 Furthermore, a finer 97 x 44 grid was
used in some cases to check the grid dependence of the cal-
culated results. The deviations were found to be within ±0.5%.
In view of these validations, the present solution procedure
and employed grid layout are adequate to obtain accurate
results for practical purposes.

The flow and temperature patterns are presented by iso-
therms and isovels in the cross section. Figures 4 and 5 show
these patterns for square insert and thin-plate insert, respec-
tively. For square insert, it is obvious that vertically and hor-
izontally eccentric installations have the same patterns; thus,
only those of vertically eccentric installation are presented.

Tmin=-0.36, Wmax=1.67
T W

rmin=-0.87, Wmax=3.18
T _ W

Tmin=-0.35, Wmax=1.62
T W

Tmin=-0.71, Wmax=2.38
T _ W

Tmin=-0.35, Wmax=1.58

EH=O.Of EV=0.0
(AT=-0.08, AWO.40)

Tmin=-0.61f Wmax=1.95

EH=0.0, EV-0.5
(AT-0.15, AW=0.60)

Fig. 4 Isovels and isotherms in the cross section of a vertical tube
with a square insert.
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Tmin=-0.52, Hmax»1.93 Tmin=-0.84, Wmax=2.50 Tmin=-0.55, Hmax-1.85

T _ « T

Tmin=-0.50, Hmax-1.81

EH=0.0, EV=0.0
(AT—0.11, AH-0.40)

Tmin=-0.72, Wmax=2.07

EH=O.Of EV=0.5
(AT=-0.15, AW=0.60)

Tmin=-0.53, Hmax=1.75

EH=0.5f EY-0.0
(AT=-0.11, AH=0.40)

Fig. 5 Isovels and isotherms in the cross section of a vertical tube
with a thin-plate insert.

However, these patterns of thin-plate insert vary with the type
of eccentric installation; those of both eccentric installations
are provided separately. Because of the symmetric nature,
the isotherms are plotted in the left half and isovels in the
right half of the cross section for concentric and vertically
eccentric installations; for horizontally eccentric installation,
however, the isotherms are plotted in the upper half and
isovels in the lower half. The Wmax and Tmin (a measure of
the uniformity of cross-sectional temperature distribution)
values are listed below the annuli for reference and the dot
denotes the position of Wmax value. These contours are equi-
spaced with interval values also listed below the annuli. Note
that by the imposed thermal conditions, the maximum fluid
temperature occurs at the outer tube with a value of zero by
the definition of nondimensional temperature. The interior
fluid temperatures are all negative accordingly.

Figures 4 and 5 reveal that the buoyancy effect tends to
decrease the Wmax and absolute rmin values in the upflow, but
the opposite trend occurs in the downflow for each insert
despite the type of installation. Although the cross-sectional
distribution of flow rate is solely dependent on that of gap
clearance in forced convection,16-17 in the upflow, buoyancy
effect causes the velocity (flow rate) to increase and the fluid
temperature to decrease in regions of small gap clearance,
but the opposite effect occurs in regions of large gap clear-
ance. This implies that the buoyancy effect makes the cross-
sectional distributions of flow rate and fluid temperature uni-
form. In the downflow, the buoyancy effect is opposite that
in the upflow. For square insert, the buoyancy effect becomes
evident in both eccentric installations. For thin-plate insert,
although the buoyancy effect is significant in a vertically ec-
centric installation, in concentric and horizontally eccentric
installations it is only slight. At the same GrIRe value, square
insert has more uniform cross-sectional distributions of ve-
locity (flow rate) and fluid temperature than thin-plate inset
in all installations studied except a horizontally eccentric one.

For each insert in each installation studied, a close exam-
ination of Figs. 4 and 5 reveals that fluid temperature near
the outer tube is slightly affected by the buoyancy effect. In

downflow, Fig. 4 shows that, for the square insert, fluid tem-
perature near the insert decreases in a concentric installation.
In a vertically eccentric installation, fluid temperature near
the insert increases at the lower part, but decreases at the
upper part, of the cross section in accordance with the flow
rate redistribution. For the thin-plate insert, Fig. 5 shows that,
in concentric and horizontally eccentric installations, a sig-
nificant temperature decrease of fluid near the insert can be
observed only at angular locations with large gap clearance.
However, fluid temperature near the insert increases at a
location with small gap clearance and decreases at a location
with large gap clearance in a vertically eccentric installation.
The opposite buoyancy effect on the temperature pattern is
observed in upflow.

To interpret the buoyancy effect more clearly, radial dis-
tributions of dimensionless axial velocity of both inserts at
some angular locations are provided in Figs. 6 and 7 in which
a symbol RN is used to present the normalized (with respect
to the gap clearance) radial distance relative to the insert at
each angular locations with RN = 0 at insert and RN = 1 at
tube. Obviously, at these locations, the RN can be mathe-
matically expressed as follows:

RN =
*lmax *7min

(7)

In downflow, Figs. 6 and 7 show that, for each insert, the
buoyancy-induced natural convection decelerates velocities
near the tube at each angular location despite of the type of
installation. However, those near the insert obviously depend
on the angular location, insert type, and the type of instal-
lation. Except for the case of a square insert in a horizontally
eccentric installation, the buoyancy effect decelerates the fluids
near the insert at locations with small gap clearance, but ac-
celerates those at locations with large gap clearance. This is
because the fluids at locations of small gap clearance have
low kinetic energy in forced convection, and can hardly over-
come the additional flow resistance by buoyant force, thus
they are further decelerated. Because of the constraint of
constant cross-sectional mass flow, velocities at locations of
large gap clearance must eventually increase. For the con-
centrically installed square insert, due to slight angular vari-
ation of gap clearance and flow rate, buoyant force acts nearly

W 1 -

0.5 1 0 0.5
RN RN

a.EH=0.0, EV=0.0

3 -

W 2

1

0

0=0°

—— Gr/Re=-75
—— Gr/Re=0
— - Gr/Re=75

0 10.5 1 0 0.5
RN RN

b.EH=0.0, EV=0.5
Fig. 6 Radial distribution of axial velocity at some angular locations
in a vertical tube with a square insert.
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0=90° 0=180°
EHO.O, EV=0.0

0.5 1 0 0.5
RN RN

a.EHO.O, EVO.O

3

W 2

1

0=0°

0 0.5 1 0 0.5
RN RN

b.EHO.O, EVO.5

=90°

•Gr/Re=-75
• Gr/ReO
• Gr/Re=75

0=270°

0.5
RN

1 0

c.EHO.5, EVO.O

0.5
RN

Fig. 7 Radial distribution of axial velocity at some angular locations
in a vertial tube with a thin-plate insert.

equally to each angular location. Because of the increase of
velocities near the tube and the constraint of constant cross-
sectional mass flow, velocities near the insert increase and the
velocity peak shifts toward the insert at each angular location.
Obviously, the opposite buoyancy effect appears in upflow.
Generally speaking, under the same heat-flux-to-mass-flow
ratio, the downflow is more sensitive to the buoyancy effect
than the upflow.

It has been indicated that the angular distributions of the
local Nusselt number, Nu, of the tube and the wall temper-
ature, Tin, of the insert are proportional and inversely pro-
portional, respectively, to the distribution of gap clearance in
forced convection.16-17 Owing to the buoyancy-induced ve-
locity change at each angular location, it is of practical interest
to investigate the accompanied influence on both Nu and Tin
values.

For all installations studied, Figs. 8 and 9 show the angular
variation of Tin for the square insert and thin-plate insert,
respectively. The PL in these figures denotes the normalized
(w.r.t. insert perimeter) peripheral position along the insert
measured from the midpoint of the upper side of the insert.
A comparison of the change of Tin with that of velocity shows
that the Tin change is inversely proportional to the velocity
change near the insert. In upflow, because the buoyancy effect
decreases the velocities near the insert for a square insert in
a concentric installation, it always raises Tin at each angular
location. In the case of a square insert in a vertically eccentric
installation, the buoyancy effect only raises Tin at the lower
part of the cross section (0.25 < PL < 0.75) where velocities
near the insert decrease. It is obvious that a horizontally ec-

u.u

-0.2

-0.4

-0.6

-0.8

-1 n

-
*~. —— - —— ~ —— —— ,

- — Gr/Re=-75
—— Gr/ReO
-- Gr/Re=75

EH=0.0, EV=0.5 EH=0.5, EVO.O

0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1

Fig. 8 Angular variation of inner wall temperature in a vertical tube
with a square insert.

— Gr/Re=-75
— Gr/ReO
—---- Gr/Re=75

0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1

Fig. 9 Angular variation of inner wall temperature in a vertical tube
with a thin-plate insert.

EHO.O, EVO.O EH=0.0, EVO.5 EH0.5, EVO.O

Nu 3

0° 90° 180° 270° 360° 0° 90° 180° 270° 360° 0° 90° 180° 270° 360°

Fig. 10 Angular variation of local Nusselt number in a vertical tube
with a square insert.

0° 90° 180° 270° 360° 0° 90° 180° 270° 360° 0° 90° 180° 270° 360°

Fig. 11 Angular variation of local Nusselt number in a vertical tube
with a thin-plate insert.

centric installation has the same buoyancy effect on Tin as a
vertically eccentric one with a PL shift of 0.25. For a thin-
plate insert in concentric and horizontally eccentric installa-
tions, the buoyancy effect generally raises Tin with significant
change at locations of large gap clearance. Both inserts have
a similar buoyancy effect on Tin in a vertically eccentric in-
stallation. In general, for each insert in each installation, the
buoyancy effect tends to make the angular variation of Tin
uniform. In downflow, the opposite trend is observed.

The angular variation of Nu value of three installations is
presented in Fig. 10 for a square insert and in Fig. 11 for a
thin-plate insert. A close inspection of these figures reveals
that the buoyancy effect alters the magnitude appreciably, but
changes the angular variation of the Nu value only slightly
for each insert in each installation. The heat transfer is en-
hanced in upflow and, on the other hand, downgraded in
downflow by the buoyancy effect. According to the definition
of local Nusselt number, fluid temperature near the tube is
found to be decreased in upflow but increased in downflow
by the buoyancy effect. Due to the aforementioned finding
that the buoyancy effect always increases in upflow and de-
creases in downflow the velocities (flow rate) near the tube
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Table 2 Overall Nusselt numbers and fRe factors

GrIRe LIH
EH = 0, EV = 0

fRe Num £
EH = 0, EV = 0.5

fRe Num Qt

EH = 0.5, EV = 0
/Re Afww 2^

100

soJU

0

— snj\j

-100

1
5
1
5
1
5
1
5
1
5

33.25
32.92
28.25
27.37
23.15
21.63
17.94
15.65
12.63
9.426

5.042
4.582
4.948
4.429
4.853
4.269
4.757
4.101
4.658
3.925

1.026
0.919
1.063
0.944
1.114
0.984
1.189
1.054
1.308
1.194

33.11
33.05
26.27
26.17
18.69
18.41
9.990
9.315
_
—

3.814
3.813
3.486
3.440
3.102
3.004
2.644
2.494
_
—

0.777
0.764
0.767
0.745
0.765
0.731
0.803
0.762
_
—

33.11
31.75
26.27
25.73
18.69
19.47
9.990

12.95
_
6.131

3.814
4.225
3.486
4.073
3.102
3.915
2.644
3.750
_

3.577

0.777
0.857
0.767
0.887
0.765
0.935
0.803
1.026
_

1.256

Table 3 Coefficients of correlation of Num value

EH

0.0

0.5

0.0

EV

0.0

0.0

0.5

LIH
1
5
1
5
1
5

Bl x 103

0.395
0.769
2.741
0.827
2.741
3.165

B2 x 106

-0.050
-0.369
-4.657
-0.347
-4.657
-4.838

Maximum
error (%)

0.014
0.010
0.163
0.022
0.163
0.096

GrIRe
-100-100
-100-100
-75-100

-100-100
-75-100
-75-100

table 4 Coefficients of correlation of fRe factor

EH

0.0

0.5

0.0

EV

0.0

0.0

0.5

LIH
1
5
1
5
1
5

C, x 103

4.453
5.427
8.824
6.574
8.824
9.298

C2 x 106

-0.922
-2.138

-11.80
-2.694

-11.80
-14.35

Maximum
error (%)

0.016
0.050
1.290
0.258
1.290
2.190

GrIRe
-100-100
-100-100
-75-100

-100-100
-75-100
-75-100

for each insert in each installation, it can be inferred that the
change of Nu is proportional to that of flow rate near the
tube.

To provide useful information for practical applications,
Table 2 summarizes the calculated averaged Nusselt number
and friction factor (in terms of fRe) of both inserts in con-
centric and/or eccentric installations. Furthermore, correla-
tions of Num values and fRe factors are provided via the least
squares method of the following forms

Num

(fRe),

Gr Gr

Re

(8)

(9)

to facilitate the extrapolation of the results. Tables 3 and 4
list the values of Bl7 B2< Cl7 C2, the maximum errors, and
the valid ranges of GrIRe value of both inserts in all the
installations studied. As can be seen from Table 2, both Num
value and fRe factor vary with the GrIRe value; it is, therefore,
of practical interest to assess the buoyancy effect on the net
effect between heat transfer augmentation and pumping power
increase. A dimensionless overall heat transfer rate per unit
pumping power, Qp, is used to measure the net effect and is
defined as17

(10)

The Qp value of each case is also listed in Table 2. However,
since negative fRe factors (positive or adverse axial gradient

of pressure) suggesting possible flow separation at the walls
are obtained at some GrIRe values, no result in these cases
is provided in Table 2 because the present model cannot prop-
erly treat these cases as mentioned previously. Note that the
downflow is more prone to the possible flow separation than
the upflow, because in the former the buoyant force forms
additional flow resistance.

For each insert, a close examination of Table 2 reveals that,
despite of the type of installation, the buoyancy effect in-
creases in upflow but decreases in downflow both fRe factor
and Num value. The changing rates of these values in down-
flow are faster than those in upflow, which implies that the
buoyant force distorts the velocity and temperature distri-
butions more severely in downflow than in upflow. The square
insert has a higher fRe factor and Num value than the thin-
plate insert in concentric and vertically eccentric installations.
Also revealed in Table 2 is that, in downflow, the buoyancy
effect increases the Qp value for each insert in each installation
studied. However, the buoyancy effect on Qp in upflow shows
dependence on the types of installation and insert. For a
square insert in upflow, while the buoyancy effect decreases
the Qp value in the concentric installation, such effect in-
creases the Qp value in both eccentric installations. For a thin-
plate insert in upflow, the Qp value is decreased by the buoy-
ancy effect in all installations studied except the vertically
eccentric one in which the opposite trend is observed. How-
ever, in all installations studied except the horizontally ec-
centric one, the square insert has a higher Qp value than the
thin-plate insert in the range of GrIRe value studied. This
implies that the condition of superiority of a square insert as
a tubeside heat-transfer augmentative device to a thin-plate
insert provided in forced convection17 even though the buoy-
ancy effect is present.
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Conclusion
A numerical study for the steady, fully developed laminar

mixed convection in an axially uniformly heated vertical tube
with an adiabatic rectangular longitudinal insert is presented
in this paper. The cross-sectional flow and temperature pat-
terns are calculated for a range of heat-flux-to-mass-flow ra-
tio, two aspect ratios of rectangular insert, and three instal-
lations of insert in upflow and downflow. The buoyancy effect
on the heat transfer and fluid friction characteristics and their
net effect is also determined. The following conclusions can
be drawn based on the results:

1) When the buoyancy effect is present, cross-sectional dis-
tributions of flow rate and fluid temperature are not solely
dependent on that of gap clearance for each insert in each
installation. In upflow, the buoyancy effect tends to distribute
uniformly the flow rate and fluid temperature in the cross
section, which becomes more evident in an eccentric instal-
lation than in a concentric one. Although the buoyancy effect
increases the flow rate near the tube, the influence on the
flow rate near the insert depends on the type of insert, type
of installation, and angular location. In downflow, the op-
posite buoyancy effect to that in upflow is observed. The
cross-sectional distribution of fluid temperature is inversely
proportional to that of flow rate in both upflow and downflow.

2) In both upflow and downflow, for each insert the buoy-
ancy effect alters the piagnitude appreciably but the angular
variation of the local ISJusselt number only slightly, and affects
significantly the wall temperature of the insert only at loca-
tions of large gap clearance. The change of wall temperature
of the insert is inversely proportional to that of flow rate near
the insert, but the change of local Nusselt number is propor-
tional to that of flow rate near the tube. Under the same heat-
flux-to-mass-flow ratio, the buoyancy effect is more evident
in downflow than in upflow.

3) For each installation of each insert, the buoyancy effect
increases in upflow but decreases in downflow the fRe factor
and Num value. While the net effect is increased by the buoy-
ancy effect in downflow, the buoyancy effect on the net effect
in upflow depends on the type of installation and insert. Gen-
erally speaking, in the range of GrIRe values studied, the
square insert has a higher fRe factor and Num value, and better
net effect than the thin-plate insert in all installations studied
except the horizontally eccentric one.
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